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Abstract
Highly energetic particles traveling in the background of an asymptotically AdS black
hole experience a Shapiro time delay and an angle deflection. These quantities are related
to the Regge limit of a heavy-heavy-light-light four-point function of scalar operators in
the dual CFT. The Schwarzschild radius of the black hole in AdS units is proportional to
the ratio of the conformal dimension of the heavy operator and the central charge. This
ratio serves as a useful expansion parameter; its power counts the number of stress tensors
in the multi-stress tensor operators which contribute to the four-point function. In the
cross-channel the four-point function is determined by the OPE coefficients and anomalous
dimensions of the heavy-light double-trace operators. We explain how this data can be
obtained and explicitly compute the first and second order terms in the expansion of the
anomalous dimensions. We observe perfect agreement with known results in the lightcone
limit, which were obtained by computing perturbative corrections to the energy eigenstates
in AdS spacetimes.
March 2019
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1. Introduction and Summary
1.1. Introduction
The AdS/CFT correspondence provides a non-perturbative definition of quantum gravity
in negatively curved spacetimes [1-3]. The correspondence in principle provides an opportu-
nity to study generic properties of quantum gravity, possibly probing regimes unattainable
by low-energy effective theories. Recent years have seen a development in conformal boot-
strap techniques following [4-7], leading to many results for CFTs with holographic duals
(see e.g. [8-30]). CFT methods have therefore become a powerful tool in the study of
quantum gravity.
Crossing symmetry in CFTs imposes highly non-trivial constraints on the theory. The
idea of conformal bootstrap is to use these constraints to put restrictions on the CFT data
or, if possible, even solve the theory. One way to make use of the crossing symmetry
is to isolate a small number of contributing operators in one channel, e.g. by going to a
certain kinematical regime. This typically has to be reproduced by the exchange of an
infinite number of operators in another channel. One such example is the lightcone limit
where the separation between two operators in a four-point function is close to being null.
One can then infer [31,32] the existence of double-twist operators at large spin in any
CFT in dimensions d > 2. The Regge limit provides another opportunity to isolate the
contribution of a class of operators, those of highest spin.
Holographic CFTs satisfy the following defining properties: (1) large central charge
CT ∼ N2 and large-N factorization of correlation functions and (2) a parametrically large
gap in the spectrum of single trace operators above spin-2. As argued in [8], they are dual
to theories of quantum gravity in asymptotically AdS spacetimes with local physics below
the AdS scale. In holographic CFTs the Regge limit of a four-point function, extensively
studied in [33-38]1, is dominated by operators of spin two – the stress tensor and the
double-trace operators (this is a consequence of the gap in the spectrum). In gravity, it
reproduces a Witten diagram with graviton exchange (see e.g. [20]). The Regge limit
corresponds to special kinematics, which on the gravity side is described by the scattering
of highly energetic particles whose trajectories in the bulk are approximately null.
Such scattering can be described in the eikonal approximation where particles follow
classical trajectories but their wavefunctions acquire a phase shift δ(S, L). The phase shift
1 See also [39-61] for other recent applications of Regge limit in CFTs.
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is a function of the total energy S and the impact parameter L. In the CFT language, this
phase shift can be extracted from the Fourier transform of the four-point function. In [34]
the phase shift extracted from the four-point function of the type 〈O1O1O2O2〉 was shown
to be equal (up to a factor of −π) to the anomalous dimension of the double-trace operators
[O1O2]n,l at leading order in 1/N2. The Regge limit implies that the calculation is valid
for n, l≫ 1. These anomalous dimensions have been subsequently verified in [26,62-70].
So far both operators O1 and O2 were assumed to have conformal dimensions of order
one. In the following, we will refer to them as “light” operators and denote them by OL.
In [71] one pair of operators (which we denote by OH) was taken to be “heavy”, with
conformal dimension ∆H scaling as the central charge. The ratio µ ∼ ∆H/CT is a useful
expansion parameter; its power k corresponds to the number of stress tensors in the multi-
stress tensor operators exchanged in the T-channel (OH×OH → (Tµν)k → OL×OL)2. As
explained in [71], one can define the phase shift as a Fourier transform of the 〈OHOHOLOL〉
four-point function. It is related to the time delay and angle deflection of a highly energetic
particle traveling along a null geodesic in the background of an asymptotically AdS black
hole. The black hole corresponds to the insertion of the heavy operator OH ; its mass in
the units of AdS radius is proportional to µ.
The phase shift δ(S, L) was computed in gravity in [71] as an infinite series expansion
in µ, i.e.,
δ(S, L) =
∞∑
k=1
δ(k)µk , (1.1)
with terms subleading in 1/N2 suppressed. The anomalous dimensions of heavy-light
double-trace operators [OHOL]n,l admit a similar expansion
γ(n, l) =
∞∑
k=1
γ(k)µk. (1.2)
In [71] it was also proven that
γ(1) = −δ
(1)
π
(1.3)
where the following identifications are implied:
h = n+ l, h¯ = n, S = 4hh¯, e−2L =
h¯
h
. (1.4)
However, it was observed that this relation does not hold for higher order terms, i.e. in
general γ(k) is not proportional to δ(k). One of the aims of this paper is to explain how
higher order anomalous dimensions are related to higher order terms in the phase shift.
2 Recently a similar limit was studied in [72].
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1.2. Summary of the results
In this paper we explain how to compute the anomalous dimensions of heavy-light double-
trace operators [OHOL]n,l order by order in µ, using the phase shift result of [71]. In
particular, we show that the O(µ2) anomalous dimensions in any d are given by
γ(2) = −δ
(2)
π
+
γ(1)
2
(∂h + ∂h¯)γ
(1), ∆H ≫ l, n≫ 1. (1.5)
Using known results for δ(1) and δ(2) from [71], we find an explicit expression for γ(2) and
compare it with the known results in the lightcone limit ( ∆H ≫ l ≫ n ≫ 1). We find
perfect agreement.
The rest of the paper is organized as follows. In the next section, we review the
4-point function with two heavy scalar operators OH and two light scalar operators OL.
This is the main object studied in this paper and we refer to it as a heavy-heavy-light-
light correlator. We consider holographic CFTs, where the T-channel exchange (where
OH → OH and OL → OL) is dominated by multi-trace operators made out of the stress
tensor. We relate this to corrections to the CFT data in the S-channel (OPE coefficients
and anomalous dimensions).
In Section 3 we focus on four-dimensional holographic CFTs. At O(µ), we use the
crossing equation between the S- and T-channel to solve for the anomalous dimensions of
heavy-light double-trace operators [OHOL]n,l. The result is eq. (1.3), valid for l, n ≫ 1.
We then introduce the impact parameter representation which allows us to rewrite the
S-channel expansion as a Fourier transform. We use this to relate the phase shift to the
anomalous dimensions of [OHOL]n,l at O(µ2), thereby deriving (1.5). Using a known result
for the phase shift δ(2), we write down an explicit expression for γ(2). In the subsequent
l≫ n limit it reduces to the result which has been obtained in [71] in a completely different
way (by computing corrections to the energies of excited states in the AdS-Schwarzschild
background).
In Section 4 we generalize these results to any d (d = 2 is treated separately in
Appendix D). By solving the Casimir equation in the limit ∆H ≫ ∆L, l, n, we obtain
the conformal blocks for heavy-light double-trace operators in the S-channel. Using the
explicit expression for the blocks together with the mean field theory OPE coefficients,
we derive an impact parameter representation valid in general dimensions. Just as in the
d = 4 case, this allows us to write the S-channel sum as a Fourier transform. Hence, we
show that (1.5) holds for any d. We compute γ(2) in the lightcone limit and find perfect
4
agreement with the results quoted in [71]. In addition, we find an expression for the O(µ2)
corrections to the OPE coefficients.
Section 5 discusses various observations and mentions some open problems. Appen-
dices contain additional technical details. The conformal bootstrap calculations are sum-
marized in Appendix A, the proof of the impact parameter representation in d = 4 in
Appendix B and the proof in general dimension d in Appendix C. The special case of
d = 2 is treated in Appendix D. Appendix E discusses the fate of some boundary terms.
Appendices F and G contain some identities which are used in Section 5.
2. Heavy-heavy-light-light correlator in holographic CFTs
In this section, crossing relations for a heavy-heavy-light-light correlator of pairwise
identical scalars are reviewed. We consider large N CFTs, with N2 ∼ CT and CT the cen-
tral charge, with a parametrically large gap ∆gap in the spectrum of single trace operators
with spin J > 2. The object that we study is a four-point correlation function between
two light scalar operators OL, with scaling dimension of order one, and two heavy scalar
operators OH , with scaling dimension ∆H of O(CT ). Explicitly, we expand the CFT data
in the parameter µ defined in [71] as
µ =
4Γ(d+ 2)
(d− 1)2Γ(d/2)2
∆H
CT
, (2.1)
which is kept fixed as CT →∞. Our conventions mostly follow those of [71].
The four-point function is fixed by conformal symmetry up to a function A(u, v) of
the cross-ratios as
〈OH(x4)OL(x3)OL(x2)OH(x1)〉 = A(u, v)
x2∆H14 x
2∆L
23
, (2.2)
where u, v are cross-ratios
u = zz¯ =
x212x
2
34
x213x
2
24
v = (1− z)(1− z¯) = x
2
14x
2
23
x213x
2
24
(2.3)
and xij = xi−xj . Using conformal symmetry we can fix x1 = 0, x3 = 1 and x4 →∞, with
the last operator confined to a plane parameterized by (z, z¯). It will also be convenient to
introduce the following coordinates after the analytic continuation ( z → ze−2iπ):
1− z = σeρ
1− z¯ = σe−ρ.
(2.4)
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The Regge limit then corresponds to σ → 0 with ρ kept fixed.
The main object of study is an appropriately rescaled version of (2.2)
G(z, z¯) = lim
x4→∞
x2∆H4 〈OH(x4)OL(1)OL(z, z¯)OH(0)〉. (2.5)
This can be expanded in the S-channel OL(z, z¯)→ OH(0) as
G(z, z¯) = (zz¯)−
1
2 (∆H+∆L)
∑
O
(
−1
2
)J
λOHOLOλOLOHOg
∆HL,−∆HL
O (z, z¯), (2.6)
where ∆HL = ∆H−∆L, λijk are OPE coefficients and the sum runs over primaries O with
spin J and corresponding conformal blocks gO. The correlator can likewise be expanded
in the T-channel OL(z, z¯)→ OL(1) as
G(z, z¯) =
1
[(1− z)(1− z¯)]∆L
∑
O′
(
−1
2
)J ′
λOHOHO′λOLOLO′g
0,0
O′ (1− z, 1− z¯), (2.7)
where we again sum over primaries O′ with spin J ′. The equality of (2.6) and (2.7)
constitutes an example of a crossing relation, in both channels we sum over an infinite
set of conformal blocks g∆1,∆2O (z, z¯). These contain the contribution from a primary O
and all its descendants. (For recent reviews on conformal bootstrap see [73-75].) Here we
have distinguished between operators O and O′, in the S- and T-channel, respectively, in
order to stress that generically different operators are relevant in different channels. As
an example of this, in the lightcone limit in d > 2 one finds [31,32] that the T-channel is
dominated by the identity operator, while in the S-channel an infinite number of operators
contribute. These are the so-called double-twist operators that exist at large spin in any
CFTd>2.
We will assume the following scaling for a non-trivial single trace operator O (not
including the stress tensor)
〈OH,LOH,LO〉 ∼ 1√
CT
. (2.8)
The conformal Ward identity fixes the following 3-pt function for the stress tensor
〈OH,LOH,LTµν〉 ∼ ∆H,L, (2.9)
which implies the following scaling for the exchange of the stress tensor in the T-channel
〈OHOHTµν〉〈TµνOLOL〉
CT
∼ ∆H∆L
CT
∼ µ. (2.10)
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Keeping µ small, it follows that the leading contribution in the T-channel is given by
the disconnected correlator 〈OHOH〉〈OLOL〉, i.e., the exchange of the identity operator.
Decomposing the disconnected correlator in the S-channel, we will infer the existence
of the “double-trace operators” [OHOL]n,l for all integers n, l, with scaling dimension
∆ = ∆H +∆L + 2n+ l + γ(n, l) and spin l. Moreover, the OPE coefficients scale as (the
explicit expression is given below)
〈OHOL[OHOL]n,l〉 ∼ 1. (2.11)
Keeping µ ∼ ∆H/CT fixed as CT →∞, (2.10) implies that the CFT data of double-
trace operators [OHOL]n,l receives perturbative corrections in µ. We therefore expand the
anomalous dimensions of these double-trace operators, as well as the OPE coefficients
Pn,l ≡
(
−1
2
)l
λOHOL[OHOL]n,lλOLOH [OHOL]n,l , (2.12)
in µ as
γ(n, l) = µγ(1) + µ2γ(2) + . . .
Pn,l = P
(0)(1 + µP (1) + µ2P (2) . . .),
(2.13)
with . . . denoting higher order terms.
To reach the Regge limit we analytically continue z → e−2πiz, under which the blocks
in the S-channel transform as (see e.g. [21, 50])
g∆,J (z, z¯)→ e−iπ(∆−J)g∆,J (z, z¯). (2.14)
In particular, for double-trace operators [OHOL]n,l with scaling dimension ∆ = ∆H +
∆L + 2n+ l + γ(n, l), the blocks transform as
g∆HL,−∆HL[OHOL]n,l (z, z¯)→ e
−iπ(∆H+∆L)e−iπγ(n,l)g∆HL,−∆HL[OHOL]n,l (z, z¯). (2.15)
In what follows it will be convienent to do a change of variables to h = n + l and h¯ =
n and to denote the block due to a heavy-light double-trace operator [OHOL]h¯,h−h¯ as
g∆HL,−∆HL
h,h¯
. Substituting the µ expansion (2.13) in the S-channel (2.6) and performing
the usual analytic continuation to O(µ) leads to
G(z, z¯)|µ0 = (zz¯)−
1
2 (∆H+∆L)
∞∑
h≥h¯≥0
P (0)g∆HL,−∆HL
h,h¯
(z, z¯)
G(z, z¯)|µ1 = (zz¯)−
1
2 (∆H+∆L)
∞∑
h≥h¯≥0
P (0)
(
P (1) + γ(1)
(
1
2
(∂h + ∂h¯)− iπ
))
× g∆HL,−∆HL
h,h¯
(z, z¯).
(2.16)
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The new single trace operators that can possibly appear here would be subleading in 1/N2.
Continuing to O(µ2), the imaginary part of the S-channel is given by
Im(G(z, z¯))|µ2 = −iπ(zz¯)−
1
2 (∆H+∆L)×
×
∞∑
h≥h¯≥0
P (0)
(
γ(2) + γ(1)P (1) +
(γ(1))2
2
(∂h + ∂h¯)
)
g∆HL,−∆HL
h,h¯
(z, z¯).
(2.17)
Moreover, the real part of the correlator at the same order is given by
Re(G(z, z¯))|µ2 = (zz¯)−
1
2 (∆H+∆L)
∞∑
h≥h¯≥0
P (0)
(
P (2) − 1
2
π2(γ(1))2+
+
1
2
(γ(2) + P (1)γ(1))(∂h + ∂h¯) +
1
8
(γ(1))2(∂h + ∂h¯)
2
)
g∆HL,−∆HL
h,h¯
(z, z¯) .
(2.18)
The product of OPE coefficients P (0) is fixed by the correlator at O(µ0) in (2.16) and
can be found in [15]:
P (0) =
(∆H + 1− d/2)h¯(∆L + 1− d/2)h¯(∆H)h(∆L)h
h¯!(h− h¯)!(∆H +∆L + h¯+ 1− d)h¯(∆H +∆L + h+ h¯− 1)h−h¯
× 1
(h− h¯+ d/2)h¯(∆H +∆L + h− d/2)h¯
,
(2.19)
where (a)b is the Pochhammer symbol. In the limit ∆H ≫ ∆L, h, h¯, (2.19) simplifies
P (0) ≈ C∆L
Γ(∆L + h¯− d/2 + 1)Γ(∆L + h)
h¯!(h− h¯)!(h− h¯+ d/2)h¯
, (2.20)
where C∆L = (Γ(∆L − d/2 + 1)Γ(∆L))−1. As we will see below, in the Regge limit the
dominant contribution in the S-channel comes from double-trace operators with h, h¯≫ 1.
In this limit the OPE coefficients are given by
P (0) ≈ C∆L(hh¯)∆L−
d
2 (h− h¯) d2−1. (2.21)
We will further need λOLOLTλOHOHT in (2.7), these are fixed by Ward Identities to be
λOLOLTλOHOHT
∆L
=
(
d
d− 1
)2
∆H
CT
=
µΓ
(
d
2
+ 1
)2
Γ (d+ 2)
. (2.22)
Note that as explained in [71], an expansion in µ corresponds in the bulk to an expansion
in the black hole Schwarzschild radius in AdS units.
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3. Anomalous dimensions of heavy-light double-trace operators in d = 4
In this section we investigate the anomalous dimensions of heavy-light double-trace
operators [OHOL]h¯,h−h¯ in d = 4 using conformal bootstrap. Moreover, using a four-
dimensional impact parameter representation we relate the anomalous dimensions to the
bulk phase shift to O(µ2). This procedure can be repeated order by order in µ to obtain
the OPE data (anomalous dimensions and OPE coefficients – see also Section 4) to the
desired order.
3.1. Anomalous dimensions in the Regge limit using bootstrap
The conformal blocks in d = 4 are given by [76]
g∆12,∆34∆,J (z, z¯) =
zz¯
z − z¯ (k∆+J (z)k∆−J−2(z¯)− (z ↔ z¯)) (3.1)
where
kβ(z) = z
β/2
2F1
(
β −∆12
2
,
β +∆34
2
, β, z
)
. (3.2)
In the limit ∆H ∼ CT ≫ 1 the hypergeometric functions in (3.1) can be substituted by
the identity up to 1/∆H corrections. Explicitly, the conformal blocks of [OHOL]h¯,h−h¯ in
the heavy limit are given by
g∆HL,−∆HL
h,h¯
(z, z¯) =
(zz¯)
1
2 (∆H+∆L)(zh+1z¯h¯ − zh¯z¯h+1)
z − z¯ . (3.3)
Inserting this form of the conformal blocks in (2.16) together with the OPE coefficients
in the Regge limit (2.21), we approximate the sums by integrals and find the following
expression at O(µ0) in the S-channel
G(z, z¯)|µ0 = C∆L
z − z¯
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−2(h− h¯)
(
zh+1z¯h¯ − zh¯z¯h+1
)
. (3.4)
The integrals are explicitly computed in Appendix A; the result is the disconnected corre-
lator in the T-channel [(1− z)(1− z¯)]−∆L in the Regge limit σ → 0.
At O(µ) in holographic CFTs the leading corrections in the T-channel come from the
exchanges of the stress tensor and double-trace operators [OLOL]n,l=2 ([OHOH ]n,l=2 are
heavy and therefore decouple). The conformal block for the T-channel exchange of the
stress tensor is found after z → e−2πiz to be given by
gTµν =
360iπe−ρ
σ(e2ρ − 1) + . . . , (3.5)
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where . . . denotes non-singular terms. The contribution from the stress tensor exchange
in the T-channel is thus imaginary for real values of σ and ρ. The only imaginary term at
order µ in the S-channel expansion (2.16) comes from the term proportional to −iπγ; it
must reproduce (3.5).
In the Regge limit, we approximate the sum in the S-channel by an integral and insert
the OPE coefficients from (2.21); the imaginary part at O(µ) in the S-channel is thus given
by
Im(G(z, z¯))|µ1 = −iπC∆L
z − z¯
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−2(h− h¯)γ(1)(h, h¯)
(
zh+1z¯h¯ − zh¯z¯h+1
)
.
(3.6)
With the ansatz γ(1)(h, h¯) = c1h
ah¯b/(h − h¯) the integrals in (3.6) can be computed (for
more details see Appendix A). In order to reproduce the exchange of the stress tensor, the
anomalous dimensions at O(µ) must be equal to
γ(1) = −90λOHOHTµνλOLOLTµν
µ∆L
h¯2
h− h¯
= − 3h¯
2
h− h¯ ,
(3.7)
where in the second line we inserted the OPE coefficients from (2.22). With the form
(3.7) not only the stress tensor exchange is reproduced, but also an infinite sum of spin-2
double-trace operators [OLOL]n,l=2 with scaling dimension ∆n = 2∆L + 2 + 2n. This is
similar to what happens in the light-light case [50].
To determine the second order corrections to the anomalous dimensions we use the
derivative relationship:
P (0)P (1) =
1
2
(∂h + ∂h¯)
(
P (0)γ(1)
)
. (3.8)
We will prove below (see Section 4.3) that this relationship is true in the limit h, h¯ ≫ 1.
The imaginary part at O(µ2) in the S-channel from (2.16) is then given by
Im(G(z, z¯))|µ2 = −iπ
∫ ∞
0
dh
∫ h
0
dh¯P (0)
(
γ(2) + γ(1)P (1) +
(γ(1))2
2
(∂h + ∂h¯)
)
gh,h¯. (3.9)
With the help of (3.8), one can write (3.9) as
Im(G(z, z¯))|µ2 =− iπ
∫ ∞
0
dh
∫ h
0
dh¯P (0)
(
γ(2) − γ
(1)
2
(∂h + ∂h¯)γ
(1)
)
gh,h¯
+ total derivative,
(3.10)
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where the total derivate term does not contribute (see Appendix E for details). In order
to fix γ(2) completely from crossing symmetry, we would need to consider the exchange
of infinitely many double-trace operators made out of the stress tensor in the T-channel.
Instead, we will use an impact parameter representation to relate γ(2) to the bulk phase
shift calculated from the gravity dual in [71].
3.2. 4d impact parameter representation and relation to bulk phase shift
In [34] the anomalous dimensions of light-light double-trace operators in the limit
h, h¯ ≫ 1 were shown to be related to the bulk phase shift. An impact parameter repre-
sentation for the case when one of the operators is heavy was introduced in [71], where it
was also shown that the bulk phase shift and the anomalous dimensions are equal at O(µ).
The goal of this section is to see explicitly how the bulk phase shift and the anomalous
dimensions are related to O(µ2).
The correlator (2.5) can be written in an impact parameter representation as
G(z, z¯) =
∫ ∞
0
dh
∫ h
0
dh¯ Ih,h¯f(h, h¯), (3.11)
with Ih,h¯ given by
Ih,h¯ = (zz¯)−
(∆H+∆L)
2 P (0)g∆HL,−∆HL
h,h¯
(z, z¯) (3.12)
and f(h, h¯) some function that generically depends on the anomalous dimension and cor-
rections to the OPE coefficients. In particular, for f(h, h¯) = 1, (3.11) is equal to the
disconnected correlator. In Appendix B it is shown that Ih,h¯ can be equivalently written
as
Ih,h¯ ≡ C(∆L)
∫
M+
d4p
(2π)4
(−p2)∆L−2e−ipx(h− h¯)δ(p · e¯+ h+ h¯) δ
(
p2
4
+ hh¯
)
(3.13)
where M+ is the upper Milne wedge with {p2 ≤ 0, p0 ≥ 0}, C(∆L) given by (with d = 4)
C(∆) ≡ 2
d+1−2∆π1+
d
2
Γ(∆)Γ(∆− d2 + 1)
(3.14)
and e¯ = (1, 0, 0, 0). Moreover, following [71], we will set z = eix
+
and z¯ = eix
−
, with
x+ = t+ r and x− = t− r in spherical coordinates.
Using the identity
δ(p · e¯+ h+ h¯) δ
(
p2
4
+ hh¯
)
=
1
|h− h¯|
(
δ
(
p+
2
− h
)
δ
(
p−
2
− h¯
)
+ (h↔ h¯)
)
, (3.15)
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with p+ = pt + pr, p− = pt − pr, the integrals over h, h¯ in (3.11) are easily computed.
With the identification h = p
+
2 and h¯ =
p−
2 it follows that a generic term like (3.11) can
be written as a Fourier transform
∫ ∞
0
dh
∫ h
0
dh¯Ih,h¯f(h, h¯) = C(∆L)
∫
M+
d4p
(2π)4
(−p2)∆L−2e−ipxf
(
p+
2
,
p−
2
)
. (3.16)
We thus see that the impact parameter representation allows us to rewrite the S-channel
expression as a Fourier transform.
The phase shift δ(p) for a pair of operators OH and OL, with scaling dimensions
∆H/CT ∝ µ and ∆L/CT ≪ 1, respectively, was defined in [71] by
B(p) ≡
∫
d4xeipxG(x) = B0(p)eiδ(p), (3.17)
where G(x) is given in (2.5) and B0(p) denotes the Fourier transform of the disconnected
correlator. As the OPE data, the phase shift admits an expansion in µ:
δ(p) = µδ(1)(p) + µ2δ(2)(p) + . . . , (3.18)
where . . . denotes higher order terms in the expansion. Expanding the exponential in
(3.17) in µ we get
B(p) = B0(p)
(
1 + iµδ(1) + µ2(−(δ
(1))2
2
+ iδ(2)) + . . .
)
. (3.19)
With (3.19) the relationship between the anomalous dimensions and the bulk phase shift
to O(µ2) can be established using (2.16), (2.17) and (3.16):
γ(1) = −δ
(1)
π
γ(2) = −δ
(2)
π
+
γ(1)
2
(∂h + ∂h¯)γ
(1)(h, h¯).
(3.20)
The phase shift was calculated in closed form to all orders in µ for the four-dimensional
case [71], with the first and second order terms given by
δ(1) =
3π
2
√
−p2 e
−L
e2L − 1
δ(2) =
35π
8
√
−p2 2e
L − e−L
(e2L − 1)3 ,
(3.21)
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where
−p2 = p+p−, coshL = p
+ + p−
2
√
−p2 . (3.22)
Using (3.21) and (3.22), the O(µ) corrections to the anomalous dimensions are given by
γ(1) = −3n2/l, which agrees with (3.7). From (3.21) and (3.20), we deduce the anomalous
dimensions at O(µ2):
γ(2) = −35
4
(2l + n)n3
l3
+ 9
n3
l2
. (3.23)
Taking the lightcone limit (l≫ n≫ 1) in (3.23) we find
γ
(2)
l.c. = −
17
2
n3
l2
. (3.24)
The anomalous dimensions in the lightcone limit (3.24) agree with eq. (6.40) in [71], which
was obtained independently by considering corrections to the energy levels in the AdS-
Schwarzschild background.
4. OPE data of heavy-light double-trace operators in generic d
In this section we will write the general form of conformal blocks for heavy-light
double-trace operators in the limit ∆H ∼ CT ≫ 1 and general d > 2. These blocks will be
used to confirm the validity of the impact parameter representation in Appendix C. Using
the impact parameter representation the OPE data will be related to the bulk phase shift.
In particular, we show that (3.20) remains valid in any number of dimensions and find
explicit expressions for the corrections to the OPE coefficients up to O(µ2).
4.1. Conformal blocks in the heavy limit
In order to find conformal blocks in general spacetime dimension d in the limit ∆H ≫
∆L, h, h¯, we write them in the following form:
g∆HL,−∆HL
h,h¯
(z, z¯) = (zz¯)
∆H+∆L
2 F (z, z¯), (4.1)
where the function F (z, z¯) does not depend on ∆H and is symmetric with respect to the
exchange z ↔ z¯. Let us now insert the expression (4.1) into the Casimir equation and
consider the leading O(∆H) term:
z
∂
∂z
F (z, z¯) + z¯
∂
∂z¯
F (z, z¯)− (h+ h¯)F (z, z¯) = 0. (4.2)
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The most general solution to eq. (4.2) is:
F (z, z¯) = zh+h¯f
( z¯
z
)
, (4.3)
where f is an arbitrary function that satisfies f( 1x ) = x
−h−h¯f(x), since conformal blocks
must be symmetric with respect to the exchange z ↔ z¯.
The behaviour of the conformal blocks as z, z¯ → 0 and z/z¯ fixed is given by [76,77]
g∆12,∆34∆,l (z, z¯)→
l!
(d2 − 1)l
(zz¯)
∆
2 C
( d2−1)
l
( z + z¯
2
√
zz¯
)
, (4.4)
where ∆ = ∆1 + ∆2 + 2n + l and C
(p)
q (x) are the Gegenbauer polynomials. Using (4.4),
we can completely determine the function f :
f
( z¯
z
)
=
(h− h¯)!
(d2 − 1)h−h¯
( z¯
z
)h+h¯
2
C
( d2−1)
h−h¯
( z + z¯
2
√
zz¯
)
. (4.5)
That is, the conformal blocks in the limit of large ∆H are given by
g∆HL,−∆HL
h,h¯
(z, z¯) =
(h− h¯)!
(d2 − 1)h−h¯
(zz¯)
∆H+∆L+h+h¯
2 C
( d2−1)
h−h¯
( z + z¯
2
√
zz¯
)
. (4.6)
It is easy to explicitly check that this form of the conformal blocks agrees with the one we
used in d = 4 in the previous Section.
4.2. Anomalous dimensions
In Appendix C we prove the validity of the impact parameter representation in any
d. This means that the derivation of (3.20) goes through for arbitrary d. Using known
results for the bulk phase shift from [71], we thus find
γ(1) = − h¯
d
2
h
d
2−1
Γ(d)
Γ(d
2
)Γ(d
2
+ 1)
2F1(
d
2
− 1, d− 1, d
2
+ 1,
h¯
h
). (4.7)
In the lightcone limit (h = l≫ h¯ = n) this reduces to
γ
(1)
l.c. = −
h¯
d
2
h
d
2−1
Γ(d)
Γ(d
2
)Γ(d
2
+ 1)
. (4.8)
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Similarly, using (3.20) together with Eq. (2.29) and Eq. (A.5) from [71], we find the O(µ2)
corrections to the anomalous dimensions in the limit h, h¯≫ 1:
γ(2) = −δ
(2)
π
+
1
2
γ(1)
{
2
h+ h¯
γ(1) − Γ(d)
Γ
(
d
2
)2 h¯ d2−1h d2−1 (h− h¯)3−dh+ h¯
}
=
= −
(
h¯d−1
hd−2
)
22d−4Γ
(
d+ 12
)
√
πΓ(d)
2F1[2d− 3, d− 2, d, h¯
h
] +
+
h¯dh2−d
(h+ h¯)
4Γ2(d)
d2 Γ4
(
d
2
) (2F1[d
2
− 1, d− 1, d
2
+ 1,
h¯
h
]
)2
+
+
h¯d−1(h− h¯)3−d
h+ h¯
Γ2(d)
dΓ4
(
d
2
) 2F1[d
2
− 1, d− 1, d
2
+ 1,
h¯
h
]
(4.9)
Taking further the lightcone limit (h≫ h¯) we find that
γ
(2)
l.c. =
h¯d−1
hd−2
22d−4
π
(
dΓ
(
d+1
2
)2
Γ
(
d+2
2
)2 −
√
πΓ
(
d+ 1
2
)
Γ (d)
)
. (4.10)
The result (4.10) agrees with Eq. (6.42) in [71] which was obtained independently using
perturbation theory in the bulk. In order to see this explicitly, one should notice the
following expression for the hypergeometric function:
3F2(1,−d
2
,−d
2
; 1 +
d
2
, 1 +
d
2
; 1) =
1
2
(
1 +
Γ4(1 + d
2
)Γ(2d+ 1)
Γ4(d+ 1)
)
. (4.11)
4.3. Corrections to the OPE coefficients
So far, we have only considered the imaginary part of the S-channel. The real part at
O(µ) is given by the following expression:
Re(G(z, z¯))|µ = (zz¯)− 12 (∆H+∆L)
∫ +∞
0
dh
∫ h
0
dh¯P (0)
(
P (1)+
1
2
γ(1)(∂h+∂h¯)
)
g
∆HL,−∆HL
h,h¯
(z, z¯),
(4.12)
which can be rewritten as:
Re(G(z, z¯))|µ = (zz¯)− 12 (∆H+∆L)
∫ +∞
0
dh
∫ h
0
dh¯g
∆HL,−∆HL
h,h¯
×
×
(
P (0)P (1) − 1
2
(∂h + ∂h¯)(P
(0)γ(1))
)
+ total derivative.
(4.13)
The total derivative term in (4.13) can be shown to vanish as explained in Appendix E.
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To derive a relation between the corrections to the OPE coefficients and the anomalous
dimensions at O(µ), let us consider the limit h, h¯≫ 1 and substitute h¯ by h everywhere.
Using (4.7), one can deduce γ(1) ∝ h. Then, it follows that (∂h+∂h¯)(P (0)γ(1)) ∝ P (0) and
hence the second term on the right hand side of (4.13) behaves as:
(zz¯)−
1
2 (∆H+∆L)
∫ +∞
0
dh
∫ h
0
dh¯
(
− 1
2
g∆HL,−∆HL
h,h¯
(∂h + ∂h¯)(P
(0)γ(1))
)
∝ 1
σ2∆L
. (4.14)
On the other hand, we know that in the Regge limit the leading contribution in the
T-channel at O(µ) comes from the exchange of the stress tensor. The real part of its
conformal block is proportional to σd, so the T-channel result behaves as 1
σ2∆L−d
. This is
way less singular than (4.14). Hence (4.14) must be canceled by the first term on the right
hand side of (4.13), at least in the limit h, h¯≫ 1. That is:
P (0)P (1) =
1
2
(∂h + ∂h¯)(P
(0)γ(1)). (4.15)
A similar relation holds for the OPE coefficients of light-light double-trace operators, e.g.
see [8,15,30]. In that case it was observed in [26] that the relation is not exact in (h, h¯).
We expect the same to be true here. Furthermore, the real part at O(µ2) was given in
(2.18) as:
Re(G(z, z¯))|µ2 = (zz¯)−
1
2 (∆H+∆L)
∞∑
h≥h¯≥0
P (0)
(
P (2) − 1
2
(πγ(1))2+
+
1
2
(γ(2) + P (1)γ(1))(∂h + ∂h¯) +
1
8
(γ(1))2(∂h + ∂h¯)
2
)
g∆HL,−∆HL
h,h¯
.
(4.16)
Using the impact parameter representation this can be expressed as:
Re(G(z, z¯))|µ2 =
∫ ∞
0
dh
∫ h
0
dh¯Ih,h¯
(
P (2) − π
2
2
(γ(1))2
− 1
2P (0)
(∂h + ∂h¯)(P
(0)(γ(2) + P (1)γ(1))) +
1
8P (0)
(∂h + ∂h¯)
2(P (0)(γ(1))2)
)
,
(4.17)
where we repeatedly integrated by parts. It follows from (3.19) and (3.16), together with
πγ(1) = −δ(1), that the corrections to the OPE coefficients at O(µ2) satisfy the following
relationship:
P (0)P (2) =
1
2
(∂h + ∂h¯)(P
(0)(γ(2) + P (1)γ(1)))− 1
8
(∂h + ∂h¯)
2(P (0)(γ(1))2). (4.18)
The arguments above are similar to the ones used in [50,34].
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4.4. Flat space limit
In the flat space limit the relation between the scattering phase shift and the anoma-
lous dimensions has been previously discussed in [78]. Hence, it is interesting to consider
the flat space limit of eq. (1.5). This limit is achieved by taking the apparent impact pa-
rameter to be much smaller than the AdS radius. This corresponds to the small L regime
or, equivalently, using e−2L = h¯/h to the 1≪ l≪ n≪ ∆H limit.
In this limit, according to (4.7), the behavior of γ(1) is given by
γ(1) ∝ n
(n
l
)d−3
. (4.19)
Hence, the γ(1)(∂h + ∂h¯)γ
(1) term in eq. (1.5) behaves as
γ(1)∂nγ
(1) ∝ n
(n
l
)2d−6
. (4.20)
Similarly, using equation (A.5) from [71], one finds that δ(2) behaves as
δ(2) ∝ n
(n
l
)2d−5
. (4.21)
Since (4.20) is subleading to (4.21), in the flat space limit the anomalous dimensions are
proportional to the phase shift,
γ(2) ≈ −δ
(2)
π
(4.22)
5. Discussion
In this paper we studied a four-point function of pairwise identical scalar operators, OH
and OL, in holographic CFTs of any dimensionality. Scaling ∆H with the central charge,
the CFT data admits an expansion in the ratio µ ∼ ∆H/CT which we keep fixed. Using
crossing symmetry and the bulk phase shift calculated in [71], we studied O(µ2) corrections
to the OPE data of heavy-light double-trace operators [OHOL]n,l for large l and n. In
particular, the relationship between the bulk phase shift and the OPE data of heavy-light
double-trace operators is found using an impact parameter representation. Furthermore,
this allows us in principle to determine the OPE data of [OHOL]n,l, for l, n ≫ 1 to all
orders in µ, i.e., to all orders in an expansion in the dual black hole Schwarzschild radius.
Scaling ∆H with the central charge enhances the effect of stress tensor exchanges
compared to the 1/CT corrections due to the exchange of generic operators. At O(µ2)
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and higher, we therefore expect multi-stress tensor operators to contribute. The OPE
coefficients for such exchanges are not known in general. They would be needed to de-
termine corrections to the OPE data of heavy-light double-trace operators using purely
CFT methods. In a recent paper [72] some of these OPE coefficients have been computed.
In particular, the OPE coefficients with the multi-stress tensor operators of lowest twist
have been argued to be universal (independent of the higher derivative couplings in the
bulk gravitational lagrangian). It would be interesting to connect these results to the ones
discussed in this paper.
It is a curious fact that each term in the µ-expansion of the bulk phase shift as
computed in gravity in [71] can be expressed as an infinite sum of “Regge conformal
blocks” corresponding to operators of dimension ∆ = k(d − 2) + 2n + 2 and spin J = 2.
Explicitly,
i δ(k)(S, L) = f(k)
∞∑
n=0
λk(n) g
R
k(d−2)+2n+2, 2
(S, L) , (5.1)
where the coefficients (f(k), λk(n)) are listed in Appendix F and we set S ≡
√
−p2 com-
pared to [71]. Here gR
∆,J
(S, L) denotes a “Regge conformal block”, and is equal to the
leading behaviour of the analytically continued T-channel conformal block in the Regge
limit [79,49]
gR
∆,J
(S, L) = i c∆,J S
J−1 Π∆−1,d−1(L) (5.2)
defined in terms of
1− z = e
L
S
, 1− z¯ = e
−L
S
(5.3)
as S →∞ and L fixed. Here c∆,J are known coefficients which can be found in Appendix
F and Π∆−1,d−1(L) denotes the (d − 1)-dimensional hyperbolic space propagator for a
massive scalar of mass square m2 = (∆− 1).
To understand the implications of (5.1) let us focus on k = 2 and consider large impact
parameters, a.k.a. the lightcone limit. In this case, one expects that the dominant contri-
bution to the bulk phase shift comes from the infinite sum of the minimal twist double-trace
operators built from the stress tensor, schematically denoted by Tµν∂µ1 · · ·∂µℓTρσ. (5.1)
implies that this infinite sum gives rise to a contribution which can be interpreted as com-
ing from a single conformal block of an “effective” operator of the same twist τ = 2(d−2),
but spin J = 2. At finite impact parameter, one would then need to add the contributions
of an infinite tower of such effective operators of twist τ = 2(d− 2) + 2n and spin J = 2,
as expressed by the infinite sum in (5.1). From this point of view, the coefficients λn in
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(5.1) can be interpreted as ratios of sums of OPE coefficients of double-trace operators.
It is clear that this picture appears to hold to all orders in
(
∆H
CT
)
or equivalently, the
Schwarzschild radius of the black hole.
It would be interesting to investigate whether Rindler positivity constrains the Regge
behaviour of the bulk phase shift to grow at most linearly with the energy S, similarly to
Section 5.2 in [49]. If this were true, one would perhaps only need to understand the origin
of the λn to compute the bulk phase shift to arbitrary order in
(
∆H
CT
)
purely from CFT
techniques.
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Appendix A. Details on the conformal bootstrap
Below we review some of the details of the confomal bootstrap calculations. Explic-
itly, we will show that exchanges of heavy-light double-trace operators in the S-channel
reproduce the disconnected correlator at O(µ0) and the stress tensor exchange at O(µ).
A.1. Solving the crossing equation to O(µ) in d = 4
We start with the leading O(µ0) term in the S-channel that should reproduce the
disconnected propagator in the T-channel. This is given in d = 4 by
G(z, z¯)|µ0 = C∆L
z − z¯
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−2(h− h¯)(zh+1z¯h¯ − zh¯z¯h+1). (A.1)
Let us look at the following piece of (A.1):
−
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−2(h− h¯)zh¯z¯h+1 = −
∫ ∞
0
dh¯
∫ ∞
h¯
dh(hh¯)∆L−2(h− h¯)zh¯z¯h+1
=
z¯
z
∫ ∞
0
dh
∫ ∞
h
dh¯(hh¯)∆L−2(h− h¯)zh+1z¯h¯ .
(A.2)
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Setting z¯/z = 1 to leading order in the Regge limit, we find that the S-channel expression
reproduces the disconnected correlator:
G(z, z¯)|µ0 = zC∆L
z − z¯
∫ ∞
0
dh
∫ ∞
0
dh¯(hh¯)∆L−2(h− h¯)zhzh¯
=
zC∆L
z − z¯
(log z¯ − log z)
(log z log z¯)∆L
Γ(∆L)Γ(∆L − 1) ≃ 1
(1− z)∆L(1− z¯)∆L .
(A.3)
Notice that to arrive in the last equality we expanded (z, z¯) around unity and substituted
C∆L = (Γ(∆L)Γ(∆L − 1))−1.
Consider now the imaginary part at O(µ) in the S-channel. For convenience we define
I(d=4) ≡ Im(G(z, z¯))|µ , (A.4)
which is then equal to:
I(d=4) =
−iπC∆L
σ(e−ρ − eρ)×
×
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−2(h− h¯)γ(h, h¯)
(
(1− σeρ)h+1(1− σe−ρ)h¯ − (h↔ h¯)
)
.
(A.5)
Notice that we used the variables (σ, ρ) defined as z = 1− σeρ and z¯ = 1− σe−ρ.
Consider the following ansatz for γ = ch
ah¯b
h−h¯
, where (a, b, c) are numbers tobe de-
termined by the crossing equation. Substituting into (A.5) and collecting the leading
singularity σ−k as σ → 0 with k = 2∆L + a+ b− 1 leads to
I(d=4)|σ−k =
−icπC∆L
(e−ρ − eρ)
(
Γ(∆L + a− 1)Γ(∆L + b− 1)(e(b−a)ρ − e(a−b)ρ)+
+
Γ(2∆L + a+ b− 2)
∆L + a− 1 e
−(2∆L+a+b−2)ρ
2F1(∆L + a− 1, 2∆L + a+ b− 2,∆L + a,−e−2ρ)
− Γ(2∆L + a+ b− 2)
∆L + a− 1 e
(2∆L+a+b−2)ρ
2F1(∆L + a− 1, 2∆L + a+ b− 2,∆L + a,−e2ρ)
)
.
(A.6)
Note that in order to do these integrals we need ∆L + a > 1 and ∆L + b > 1. Using the
following identity of the hypergeometric function
2F1(a, b, c, x) =
Γ(b− a)Γ(c)
Γ(b)Γ(c− a)(−x)
−a
2F1(a, a− c+ 1, a− b+ 1, 1
x
)
+
Γ(a− b)Γ(c)
Γ(a)Γ(c− b) (−x)
−b
2F1(b, b− c+ 1,−a+ b+ 1, 1
x
),
(A.7)
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the third line in (A.6) can be simplified and we are left with
I(d=4)|σ−k =
icπC∆L
(e2ρ − 1)
(
− Γ(∆L + a− 1)Γ(∆L + b− 1)e(a−b+1)ρ
+
Γ(2∆L + a+ b− 2)
∆L + a− 1 e
−(2∆L+a+b−3)ρ
2F1(∆L + a− 1, 2∆L + a+ b− 2,∆L + a,−e−2ρ)
+
Γ(2∆L + a+ b− 2)
∆L + b− 1 e
−(2∆L+a+b−3)ρ
2F1(∆L + b− 1, 2∆L + a+ b− 2,∆L + b,−e−2ρ)
)
.
(A.8)
On the other hand, the Regge limit in the T-channel is dominated by operators of
maximal spin. In a holographic CFT, we have J = 2. If we further take the lightcone
limit, ρ≫ 1, the dominant contribution is due to the stress tensor exchange and behaves as
σ−1e−(d−1)ρ. To reproduce this behavior from the S-channel, we must set a = 0 and b = 2
and make an appropriate choice for the overall constant c. Substituting the designated
values of (a, b, c) revals that the first term in (A.8) precisely matches the T-channel stress
tensor contribution, which in the Regge limit (after analytic continuation) behaves like:
g∆,J ∝ 1
σJ−1
e−(∆−3)ρ
(e2ρ − 1) + . . . , (A.9)
with ∆ = d and J = 2. Furthermore, the remaining terms correspond to the exchange of
operators with spin 2 and dimension 2∆L + 2 + 2n; these are the double-trace operators
[OLOL]n,l=2.
A.2. Integrating the S-channel result at O(µ2) in d = 4
Below we describe how to use the results for the anomalous dimensions at O(µ2) in
order to recover the imaginary part of the correlator to the same order. Using the obtained
expressions for the anomalous dimensions (3.7) and (3.23), we note that the integrand in
(3.10) can be written as
P (0)
(
γ(2) − γ
(1)
2
(∂h + ∂h¯)γ
(1)
)
= −35h¯
3(2h− h¯)
4(h− h¯)3 P
(0)
= − 35h
∆L−3h¯∆L+1
2Γ(∆L − 1)Γ(∆L)
∞∑
n=0
(
h¯
h
)n
(1 +
n
2
).
(A.10)
Therefore we see that (3.10) can be written as an infinite sum of integrals of the same
form that appeared at O(µ) in (A.5). It then follows that the full S-channel result can
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be integrated in order to obtain the correlator in position space. Especially, the lightcone
result is obtained by setting k = 0 in (A.10) and taking ρ→∞ which gives
Im(G(z, z¯))|µ2 = i35π∆L(∆L + 1)
2(∆L − 2)
e−3ρ
σ2∆L+1(e2ρ − 1) + . . . , (A.11)
with . . . denoting terms that are subleading in the lightcone limit. The result (A.11) has
a form consistent with the contribution of an operator with spin-2 and ∆ = 6. The full
result (beyond the lightcone limit) further contains an infinite number of operators with
spin-2 of dimension ∆ = 6 + 2n and ∆ = 2∆L + 2n+ 2.
A.3. Solving the crossing equation to O(µ) in d = 2
Here we review the calculations needed for the d = 2 case explained in Appendix D.
To O(µ0) the S-channel (2.16) is given by
G(z, z¯)|µ0 = 1
Γ(∆L)2
∫ ∞
0
∫ h
0
dh¯(hh¯)∆L−1(zhz¯h¯ + (z ↔ z¯)). (A.12)
The integrand in (A.12) is symmetric w.r.t. h↔ h¯ and can thus be rewritten as
G(z, z¯)|µ0 = 1
Γ(∆L)2
∫ ∞
0
∫ ∞
0
dh¯(hh¯)∆L−1zhz¯h¯, (A.13)
which can easily be seen to reproduce the disconnected correlator [(1 − z)(1 − z¯)]−∆L in
the Regge limit.
As in the previous subsection we proceed to consider the imaginary part of the corre-
lator in the S-channel expansion to O(µ). Using a similar notation,
I(d=2) ≡ Im(G(z, z¯))|µ , (A.14)
combined with the ansatz γ1(h, h¯) = c h
ah¯b, allows us to write:
I(d=2) = − ic π
Γ(∆L)2
∫ ∞
0
∫ h
0
dh¯(hh¯)∆L−1hah¯b(zhz¯h¯ + (z ↔ z¯)). (A.15)
The integrals in (A.15) can be easily performed given that a + ∆L > 0 and b + ∆L > 0.
Changing variables to z = 1 − σeρ, z¯ = 1 − σe−ρ and collecting the most singular term
σ−k, with k = 2∆L + a+ b, leads to
I(d=2)|σ−k =
icπ
Γ(∆L)2
(
Γ(a+∆L)Γ(b+∆L)(−eρ(b−a) − eρ(a−b))
+
Γ(a+ b+ 2∆L)e
−ρ(a+b+2∆L)
a+∆L
2F1(a+∆L, a+ b+ 2∆L, 1 + a+∆L,−e−2ρ)
+
Γ(a+ b+ 2∆L)e
ρ(a+b+2∆L)
a+∆L
2F1(a+∆L, a+ b+ 2∆L, 1 + a+∆L,−e2ρ)
)
.
(A.16)
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Using again (A.7) we express (A.16) as follows
I(d=2)|σ−k =
icπ
Γ(∆L)2
(
− Γ(a+∆L)Γ(b+∆L)eρ(a−b)
+
Γ(a+ b+ 2∆L)e
−ρ(a+b+2∆L)
a+∆L
2F1(a+∆L, a+ b+ 2∆L, 1 + a+∆L,−e−2ρ)
− Γ(a+ b+ 2∆L)e
−(a+b+2∆L)ρ
b+∆L
2F1(b+∆L, a+ b+ 2∆L, 1 + b+∆L,−e−2ρ)
)
.
(A.17)
In matching (A.17) with the T-channel expansion, following the same logic as in the
previous subsection we deduce that a = 0 and b = 1 and fix c. The first line in (A.17) then
reproduces the exchange of the stress tensor in the T-channel. The other two lines match
the contribution of double-trace operators [OLOL]n,l=2 with dimension ∆ = 2∆L+2n+2
and spin 2 in the T-channel expansion.
Appendix B. Details on the impact parameter representation in d = 4
Here we will see how the impact parameter representation in four dimensions leads to
the expression for the disconnected correlator in the Regge limit, in terms of the integral
over h, h¯.
The objective of this section is to explicitly see that the disconnected contribution of
the correlator in the Regge limit
1
[(1− z)(1− z¯)]∆ =
1
Γ(∆)Γ(∆− 1)
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆−2
h− h¯
z − z¯ (z
h+1z¯h¯ − zh¯z¯h+1) ,
(B.1)
can be equivalently written as ∫ ∞
0
dh
∫ h
0
dh¯ Ih,h¯ , (B.2)
with
Ih,h¯ ≡ C(∆)
∫
M+
d4p
(2π)4
(−p2)∆−2e−ipx(h− h¯)δ(p · e¯+ h+ h¯) δ
(
p2
4
+ hh¯
)
. (B.3)
where M+ is the upper Milne wedge with {p2 ≤ 0, p0 ≥ 0} and
C(∆) ≡ 2
d+1−2∆π1+
d
2
Γ(∆)Γ(∆− d
2
+ 1)
, (B.4)
with d the dimensionality of the spacetime, here d = 4.
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In practice, we need to perform the integral over p in (B.3). To do so, we will use
spherical polar coordinates and write:
Ih,h¯ =
C(∆)
(2π)3
∫ ∞
−∞
dp0
∫ ∞
0
dpr (pr)2
∫ 1
−1
d(cos θ) (−p2)∆−2 θ(p0)θ(−p2)×
eip
0x0 e−irp
r cos θ
[
δ
(
p0 + pr
2
− h
)
δ
(
p0 − pr
2
− h¯
)
+ h↔ h¯
]
.
(B.5)
The overall factor of (2π) is simply the result of the integration with respect to the angular
variable φ. Next we perform the integral over cos θ:
Ih,h¯ =
C(∆)
(2π)3
∫ ∞
−∞
dp0
∫ ∞
0
dpr (pr)2 (−p2)∆−2 eip0x0
(
e−irp
r − eirpr
−irpr
)
θ(p0)θ(−p2) (δ δ),
(B.6)
where we set
(δ δ) ≡ δ
(
p0 + pr
2
− h
)
δ
(
p0 − pr
2
− h¯
)
+ h↔ h¯ . (B.7)
Notice that∫ ∞
0
dpr
pr
ir
(−p2)∆−2 eirpr (δ δ)−
∫ ∞
0
dpr
pr
ir
(−p2)∆−2 e−irpr (δ δ) =
=
∫ ∞
−∞
dpr
pr
ir
(−p2)∆−2 eirpr (δ δ) .
(B.8)
Hence we can write (B.6) as follows
Ih,h¯ =
C(∆)
(2π)3
∫ ∞
−∞
dp+ dp−
2
p+ − p−
i(x+ − x−) (−p
2)∆−2 e
i
2 (p
+x−+p−x+) θ(p+)θ(p−) (δ δ) . (B.9)
Performing the last two integrations is trivial due to the delta-functions. The result is
Ih,h¯ =
1
Γ(∆)Γ(∆− 1)
h− h¯
i(x+ − x−) (hh¯)
∆−2 (eihx
+
eih¯x
− − eih¯x+eihx−) , (B.10)
which allows us to write (B.2) as follows:∫ ∞
0
dh
∫ h
0
dh¯ Ih,h¯ =
1
Γ(∆)Γ(∆− 1)
∫ ∞
0
dh
∫ h
0
dh¯
h− h¯
i(x+ − x−) (hh¯)
∆−2 (zhz¯h¯ − zh¯z¯h) .
(B.11)
Here we also used the identification (z = eix
+
, z¯ = eix
−
).
Observe that (B.11) is equal to (B.1) in the Regge limit, where
z
z − z¯ ≃
1
i(x+ − x−) ,
z¯
z − z¯ ≃
1
i(x+ − x−) . (B.12)
However, when considering next order corrections in (x+, x−) the impact parameter repre-
sention may require corrections. Below we show that these are irrelevant for the questions
we are interested in.
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B.1. Exact Fourier transform
Here we will compute the Fourier transform for the S-channel expression with the
identification (z = eix
+
, z¯ = eix
−
) and show that the leading order results in the Regge
limit given in the previous section do not miss any important contributions.
The generic term in the S-channel which we would like to Fourier transform looks like:∫
dh dh¯ g(x+, x−)f˜(h, h¯) , (B.13)
where
g(x+, x−) =
ei(1+h)x
+
eih¯x
− − eih¯x+ei(h+1)x−
(eix+ − eix−) , (B.14)
and
f˜(h, h¯) = iπ(hh¯)∆−2(h− h¯)f(h, h¯) , (B.15)
where f(h, h¯) stands for all the contributions in the S-channel to a given order.
The Fourier transform is:∫
d4x eipx
∫
dh dh¯ g(x+, x−)f˜(h, h¯) =
∫
dh dh¯f˜(h, h¯)
∫
d4x eipxg(x+, x−) , (B.16)
where we simply reversed the order of integration. Our focus in what follows will be the
integral:
I ≡
∫
d4x eipxg(x+, x−) . (B.17)
Since x+ = t + r and x− = t − r, it is convenient to use spherical polar coordinates to
perform the integration. The angular integration over φ gives us an overall factor of (2π) as
the integrand is independent of φ. Next we perform the integration over the other angular
variable. Similar to what was discussed in the previous section,
∫ 1
−1
d(cos θ) eip
rr cos θ =
eirp
r − e−irpr
irpr
. (B.18)
Combining the above we can write:
I = 2π
∫ ∞
−∞
dte−itp
t
∫ ∞
0
drr
eirp
r − e−irpr
ipr
g(t, r) . (B.19)
It is easy to see that g(t, r) = g(t,−r) and as a result:
∫ ∞
0
dr re−irp
r
g(t, r) = −
∫ 0
−∞
dr reirp
r
g(t, r) , (B.20)
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which allows us to write the integral as:
I = 2π
∫ ∞
−∞
dx+dx−
2
eip·x
x+ − x−
i(p+ − p−)g(x
+, x−) . (B.21)
Here eip·x = e−
i
2 (p
+x−+p−x+) and the above integral can be thought of as a two-dimensional
Fourier transform.
To proceed we need the explicit form of g(x+, x−) which we write as
g(x+, x−) =
eihx
+
eih¯x
−
1− e−i(x+−x−) + (x
+ ↔ x−) (B.22)
and then expand the denominator in the Regge limit
1
1− e−i(x+−x−) =
1
i(x+ − x−)
[
1− i
2
(x+ − x−) + · · ·
]
. (B.23)
Substituting into (B.21) leads to:
I = 2π
1
(−p+ + p−)
∫
dx+dx−
2
eip·x
{
eihx
+
eih¯x
−
[
1− i
2
(x+ − x−) + · · ·
]
+ (x+ ↔ x−)
}
.
(B.24)
Let us compute the integral term by term. The leading term in the Regge limit yields the
standard delta functions:
I0 = 2
2π3
1
p− − p+ δ(
p+
2
− h¯)δ(p
−
2
− h) + (p+ ↔ p−) =
= 2π3
1
h− h¯
{
δ(
p+
2
− h¯)δ(p
−
2
− h) + (p+ ↔ p−)
}
=
= 2π3
1
h− h¯ δ(p · e¯+ h+ h¯)δ(
p2
4
+ hh¯) .
(B.25)
The subleading terms on the other hand produce the same result except that the delta
functions are replaced with derivatives of themselves with respect to pr = p
+−p−
2 .
Let us now consider the full result which up to an overall numerical coefficient can be
written as: ∫
dh dh¯ f˜(h, h¯)
(
1− ∂
∂pr
+ · · ·
)
δ(p · e¯+ h+ h¯)δ(p
2
4
+ hh¯) . (B.26)
To evaluate the terms with derivatives of the delta function we need to integrate by parts.
Now recall that we are interested in the imaginary piece of the S-channel whose leading
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behaviour is ∼
√
−p2 (this dependence is hidden in what we called f˜). It is obvious that
the derivatives will produce subleading terms which we are not interested in.
What about the other pieces in the S-channel which are not imaginary? To O(µ2) in
this case, we know that the leading behaviour grows like ∼ (
√
−p2)2, so by differentiation,
a term of the order
√
−p2 may be produced. However, it is clear that this term will never
contribute to the imaginary term of the S-channel (note that the coefficient in the first
term in the parenthesis in (B.26) is real). We thus deduce that the subleading terms in
(B.24) are irrelevant for our study.
Appendix C. Impact parameter representation in general spacetime dimension
d
Here we want to prove the following equation for general spacetime dimension d:
Ih,h¯ = (zz¯)−
(∆H+∆L)
2 P (0)g∆HL,−∆HL
h,h¯
(z, z¯), (C.1)
using the form of conformal blocks given in (4.6). We start with the definition of Ih,h¯ that
is given as:
Ih,h¯ = C(∆L)
∫
M+
ddp
(2π)d
(−p2)∆L− d2 e−ipx(h− h¯)δ(p · e¯+ h+ h¯)δ(p
2
4
+ hh¯), (C.2)
where:
C(∆L) ≡ 2
d+1−2∆Lπ1+
d
2
Γ(∆L)Γ(∆L − d2 + 1)
. (C.3)
Using spherical coordinates we write (C.2) as:
Ih,h¯ = C(∆L)
∫ ∞
−∞
dpteip
tt
∫ ∞
0
dpr(pr)d−2
∫
Sd−2
sind−3 φ1dφ1 dΩd−3
× e−iprr cosφ1(−p2)∆L− d2 θ(−p2)θ(pt)
{
δ
(
pt + pr
2
− h
)
δ
(
pt − pr
2
− h¯
)
+ (h↔ h¯)
}
,
(C.4)
where Ωd−3 =
2π
d−2
2
Γ( d−22 )
denotes the area of the unit (d− 3)-dimensional hypersphere.
Notice now that∫ π
0
sind−3 φ1e
−iprr cosφ1dφ1 =
√
πΓ(
d
2
− 1)0F1(d− 1
2
;−1
4
(pr)2r2) . (C.5)
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Substituting (C.5) back in to (C.4), one is left with integrals with respect to pt and pr only.
These integrals are trivial due to the presence of delta functions.3 When these integrations
are done, the expression for Ih,h¯ is given as:
Ih,h¯ =
23−d
√
π
Γ(∆L)Γ(∆L − d2 + 1)
eit(h+h¯)(h− h¯)d−2(hh¯)∆L− d2 0F1R(d− 1
2
;−1
4
(h− h¯)2r2),
(C.6)
where 0F1R(a, x) = Γ(a)
−1
0F1(a, x). Relations between coordinates t and r with x
+ and
x− are given as: x+ = t+ r and x− = t− r.
On the other hand, using the explicit form for conformal blocks (4.6) and OPE coef-
ficients in the Regge limit (2.21) one finds that:
(zz¯)−
(∆H+∆L)
2 P (0)g∆HL,−∆HL
h,h¯
(z, z¯) =
=
Γ(d
2
− 1)
Γ(∆L)Γ(∆L − d2 + 1)
(hh¯)∆L+
d
2 (h− h¯)(zz¯)h+h¯2 C( d2−1)
h−h¯
( z + z¯
2
√
zz¯
)
.
(C.7)
Using the relations between coordinates r, t and z, z¯ it is easy to see that (zz¯)
h+h¯
2 = eit(h+h¯).
Next, one can use the relation between Gegenbauer polynomials and hypergeometric func-
tions:
C(α)n (z) =
(2α)n
n!
2F1(−n, 2α+ n, α+ 1
2
;
1− z
2
), (C.8)
which for h− h¯ = l≫ 1 gives:
C
( d2−1)
l
( z + z¯
2
√
zz¯
)
=
ld−3
Γ(d− 2) 2F1(−l, l + d− 2,
d− 1
2
;
1
2
− 1
2
(
z + z¯
2
√
zz¯
)). (C.9)
With the help of the following properties of hypergeometric functions:
2F1(a, b, c; z) = (1− z)−b2F1(c− a, b, c; z
z − 1),
lim
m,n→∞
2F1(m,n, b;
z
mn
) = 0F1(b; z).
(C.10)
Using these, together with the assumption that in the Regge limit the values of x+l
and x−l are fixed constants: x+l = a1 and x
−l = a2 while l→∞, one can easily see4 that
(C.6) reproduces (C.1). This confirms the validity of the impact parameter representation.
3 One only needs to remember that h ≥ h¯ ≥ 0.
4 By noting that:
Γ(x− 1
2
) = 22−2x
√
pi
Γ(2x− 1)
Γ(x)
. (C.11)
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Appendix D. Anomalous dimensions of heavy-light double-trace operators in
d = 2
The OPE data of the heavy-light double trace operators in d = 2 dimensions can be
directly obtained from the heavy-light Virasoro vacuum block [17,80]. For completeness, in
this appendix we investigate the anomalous dimension of [OHOL]h¯,h−h¯ in d = 2 following
the discussion in Section 3. As in d = 4, we introduce an impact parameter representation
following [71]. We calculate the anomalous dimensions to O(µ) by solving the crossing
equation and then use the impact parameter representation to relate them to the bulk
phase shift. We find a precise agreement between the two. Using the bulk phase shift
we furthermore determine the anomalous dimension to second order in µ. Much of the
discussion follows closely the four-dimensional case and will be briefer.
D.1. Anomalous dimensions in the Regge limit using bootstrap
The conformal blocks in two dimension are given by [76,73]
g∆12,∆34∆,J (z, z¯) = k∆+J (z)k∆−J (z¯) + (z ↔ z¯) , (D.1)
where kβ(z) was defined in (3.2). Similar to the four dimensional case, the blocks for
heavy-light double-trace operators simplify in the heavy limit (∆H ∼ CT )
g∆HL,−∆HL[OHOL]h,h¯
(z, z¯) = (zz¯)
1
2 (∆H+∆L)(zhz¯h¯ + (z ↔ z¯)) . (D.2)
Inserting this form of the conformal blocks in (2.16) together with the OPE coefficients in
the Regge limit (2.21) and approximating the sums with integrals, one can due to symmetry
extend the region of integration and it is easily found that the disconnected correlator in
the T-channel is reproduced.
Similar to the four-dimensional case the stress tensor dominates at order µ in the
T-channel. The block of the stress tensor after analytic continuation in the Regge limit is
given by
gTµν =
24iπe−ρ
σ
+ . . . , (D.3)
where . . . denote non-singular terms. As in the four-dimensional case, this has to be
reproduced in the S-channel by the term in (2.16) proportional to −iπγ.
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With the conformal blocks (D.2), the imaginary part in the S-channel to O(µ) is given
by
Im(G(z, z¯))|µ = −iπC∆L
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−1γ(1)(h, h¯)
(
zhz¯h¯ + zh¯z¯h
)
. (D.4)
Using the ansatz γ(1)(h, h¯) = c1h
ah¯b we find that the T-channel contribution is reproduced
for a = 0 and b = 1 (see Appendix A.2 for details). We thus find using (2.22)
γ(1) = −6λOHOHTµνλOLOLTµν
µ∆L
h¯ = −h¯. (D.5)
To O(µ2) we can use (3.10) to find the following contribution to the purely imaginary
terms in the S-channel
Im(G(z, z¯))|µ2 = −iπC∆L
∫ ∞
0
dh
∫ h
0
dh¯(hh¯)∆L−1
(
γ(2) − c
2
1h¯
2
)
(zhz¯h¯ + zh¯z¯h). (D.6)
D.2. 2d impact parameter representation and relation to bulk phase shift
Similar to the four-dimensional case we introduce an impact parameter representa-
tion in order to relate the anomalous dimension with the bulk phase shift. The impact
parameter representation in d = 2 is given by
Ih,h¯ ≡ C(∆L)
∫
M+
d2p(−p2)∆−1e−ipx(h− h¯)δ(p · e¯+ h+ h¯) δ
(
p2
4
+ hh¯
)
, (D.7)
with straightforward generalization of the d = 4 case explained above. This is again chosen
such that when the impact parameter represetation is integrated over h, h¯ the disconnected
correlator is reproduced:
∫ ∞
0
dh
∫ h
0
Ih,h¯ =
1
[(1− z)(1− z¯)]∆L . (D.8)
The discussion of the phase shift is completely analogous to the four-dimensional case,
as in (3.20) we find the following relation between the bulk phase shift and the anomalous
dimension to second order in µ
γ(1) = −δ
(1)
π
γ˜(2) − c
2
1p
−
4
= −δ
(2)
π
.
(D.9)
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In [71] the phase shift in d = 2 was found to be
δ(1) =
π
2
√
−p2e−L
δ(2) =
3π
8
√
−p2e−L.
(D.10)
Using the identification p+ = 2h and p− = 2h¯ together with (3.22) we find for the anoma-
lous dimension in the Regge limit
γ(1) = −h¯
γ(2) = −1
4
h¯.
(D.11)
We thus see that the first order result agrees with that obtained from bootstrap (D.5).
Furthermore, the second order correction agrees also in d = 2 with the result (6.40) in [71].
Appendix E. Discussion of the boundary term integrals
There are a few integrals containing total derivative terms that we have ignored
throughout this paper and we analyze more carefully here. Let us start with a total
derivative term which shows up in the real part of the correlator at O(µ). It is given by5:
I1 =
1
2
(zz¯)−
1
2 (∆H+∆L)
∫ +∞
0
dl
[
P (0)γ(1)g∆HL,−∆HLn+l,n (z, z¯)
]n→∞
n=0
. (E.1)
Let us focus on the integrand:
[
P (0)γ(1)g∆HL,−∆HLn+l,n (z, z¯)
]n→∞
n=0
. When n = 0, the ex-
pression within the brackets trivially vanishes. On the other hand, when n → ∞, it
takes the form n2∆L−2(zz¯)n × f(l), where f is some function of l only. We are instructed
here to take the limit n → ∞ independently of all other limits (recall that the Regge
limit is taken after the integration). For generic values 0 < (z, z¯) < 1 it is clear that
limn→∞
[
P (0)γ(1)g∆HL,−∆HLn+l,n (z, z¯)
]
= limn→∞ n
2∆L−2(zz¯)n × f(l) → 0. In other words,
the expression
[
P (0)γ(1)g∆HL,−∆HLn+l,n (z, z¯)
]n→∞
n=0
→ 0, and we conclude that the integral
(E.1) does not contribute to the S-channel expansion of the correlator.
There are a few more integrals of similar kind that appear at O(µ2). We will analyse
one of them here:
5 We are again using variables n and l, one can notice that n = h¯ and l = h − h¯. It is trivial
to prove that ∂n = ∂h + ∂h¯.
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I2 =
−iπ
2
(zz¯)−
1
2 (∆H+∆L)
∫ +∞
0
dl
[
P (0)(γ(1))2g∆HL,−∆HLn+l,n (z, z¯)
]n→∞
n=0
. (E.2)
The same logic can be applied here. Again, the value of the expression in brackets at
n = 0 is trivially zero, while for large n it behaves like: n2∆L+d−4(zz¯)nf˜(l). As long as
(z, z¯) < 1, this vanishes exponentially in the limit n → ∞. One concludes therefore that
the integral (E.2) vanishes. The same logic is valid for all other integrals of similar total
derivative terms that appear at O(µ2).
Appendix F. An identity for the bulk phase shift.
The aim is to elaborate on the results of [71] for the bulk phase shift in a black hole
background as computed in gravity. Firstly, let us note the following identity involving
hypergeometric functions:
∞∑
n=0
a(n)xn 2F1[τ0 + 2n+ 1,
d
2
− 1, τ0 + 2n− d
2
+ 3, x] = 2F1[τ0 + 1,
τ0
2
,
τ0
2
+ 2, x]
a(n) =
22n
n!
τ0 + 2
τ0 + 2 + 2n
( τ02 + 1− d2 )n
(
τ0+1
2
)
n
(τ0 + n+ 2− d2 )n
, τ0 6= 0 .
(F.1)
Given that both sides of the equality can be expressed as an infinite series expansion around
x = 0, one simply needs to show that the expansion coefficients match to all orders in x.
This is proven in Appendix G.
Consider now the case τ0 = k(d−2) where k ∈ N⋆. Setting x ≡ e−2L and multiplying
both sides with e−[k(d−2)+1]L yields:
Πk(d−2)+1,k(d−2)+1(L) =
∞∑
n=0
βnΠk(d−2)+2n+1,d−1(L)
β(n) ≡ π (1−k)(d−2)2 a(n)
(k(d− 2) + 1)n
Γ
[
k(d− 2)− d
2
+ 2n+ 3
]
Γ
[
k(d−2)
2 + 2
] . (F.2)
The left hand side represents the hyperbolic space propagator for a scalar field of squared
mass equal to k(d − 2) + 1 in a hyperbolic space of dimensionality k(d − 2) + 1 and is
proportional to the k-th order expression for the bulk phase shift computed in gravity in
[71], where
δ(k)(S, L) =
1
k!
2Γ
(
dk+1
2
)
Γ
(
k(d−2)+1
2
) π1+ k(d−2)2
Γ
(
k(d−2)
2 + 1
)SΠk(d−2)+1,k(d−2)+1(L) . (F.3)
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On the other hand, the right-hand side of (F.2) expresses the k-th order term of the
bulk phase shift as an infinite sum of (d−1)-dimensional hyperbolic space propagators for
fields with mass-squared equal to m2 = k(d− 2) + 1 + 2n.
It can be shown [79,49] that the analytically continued T-channel scalar conformal
block in the Regge limit behaves like:
g∆,J(σ, ρ) = i c∆,J
Π∆−1,d−1(ρ)
σJ−1
, (F.4)
where
c∆,J =
4∆+J−1Γ
(
∆+J−1
2
)
Γ
(
∆+J+1
2
)
Γ(∆+J2 )
2
2Γ
(
∆− d2 + 1
)
π1−
d
2 Γ (∆− 1) . (F.5)
Here Π∆−1,d−1 denotes as usual the (d − 1)-dimensional hyperbolic space propagator for
a massive scalar of mass-squared m2 = (∆− 1).
It follows that the k-th order term in the µ-expansion of the bulk phase shift in a black
hole background can be expressed as an infinite sum of conformal blocks corresponding to
operators of twist τ = τ0(k) + 2n = k(d − 2) + 2n and spin J = 2 in the Regge limit. In
other words, we can write:
i δ(k)(S, L) = f(k)
∞∑
n=0
λk(n) g
R
τ0(k)+2n+2,2
(S, L)
λk(n) = a(n)
2−4n
[(
τ0(k)+4
2
)
n
]2
(
τ0(k)+3
2
)
n
(
τ0(k)+5
2
)
n
, τ0(k) = k(d− 2)
(F.6)
where
f(k) ≡
√
π
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1
2k(d−2) k!
Γ
(
kd+1
2
)
Γ
(
k(d−2)+4
2
)
Γ
(
k(d−2)+5
2
)
Γ
(
k(d−2)+3
2
) , (F.7)
and
gR
∆,J
(S, L) = ic∆,J S
J−1Π∆−1,d−1(L) . (F.8)
Appendix G. An identity for hypergeometric functions.
Here we will show that for q 6= 0,
∞∑
n=0
a(n)xn 2F1[q + 2n+ 1,
d
2
− 1, q + 2n− d
2
+ 3, x] = 2F1[q + 1,
q
2
,
q
2
+ 2, x]
a(n) =
22n
n!
q + 2
q + 2 + 2n
( q2 + 1− d2 )n
(
q+1
2
)
n
(q + n+ 2− d
2
)n
, q 6= 0 .
(G.1)
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Given that both sides of the equality can be expressed as an infinite series expansion around
x = 0, one simply needs to show that the expansion coefficients match to all orders in x.
Let us first set:
b(n,m) ≡ 1
m!
(q + 1 + 2n)m
(
d
2 − 1
)
m(
q − d2 + 2n+ 3
)
m
c(ℓ) ≡ 1
ℓ!
(q + 1)ℓ
(
q
2
)
ℓ(
q
2 + 2
)
ℓ
=
(q + 1)ℓ
ℓ!
q(q + 2)
(q + 2ℓ)(q + 2ℓ+ 2)
,
(G.2)
such that:
2F1[q + 2n+ 1,
d
2
− 1, q + 2n− d
2
+ 3, x] =
∞∑
m=0
b(n,m)xm,
2F1[q + 1,
q
2
,
q
2
+ 2, x] =
∞∑
ℓ=0
c(ℓ)xℓ.
(G.3)
It is easy to check that the coefficients of the first few powers of x precisely match. Indeed,
e.g.,
a(0)b(0, 0)− c(0) = 0
a(1)b(1, 0) + a(0)b(0, 1)− c(1) = 0
a(2)b(2, 0) + a(1)b(1, 1) + a(0)b(0, 2)− c(2) = 0.
(G.4)
To show that the above identity is true for all powers of x we must show that:
ℓ∑
k=0
a(k)b(k, ℓ− k) = c(ℓ) , (G.5)
for all ℓ ∈ N . The left-hand side of (G.5) can be easily summed to yield:
ℓ∑
k=0
a(k)b(k, ℓ− k) = 1
ℓ!
Γ[q + 1 + ℓ]
Γ[q]
(q + 2)
(q + 2ℓ)(2 + 2ℓ+ q)
, (G.6)
which can be trivially shown to be equal to c(ℓ).
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